Abstract-We consider a downlink massive multiple-input multiple output system employing regularized zero-forcing precoding. We derive the asymptotic signal-to-leakage-plus-noise ratio (SLNR) as both the number of antennas and the number of users go to infinity at a fixed ratio. Focusing on spatially uncorrelated channels with homogeneous large scale fading gains, we show that the SLNR is asymptotically equal to signal-tointerference-plus-noise ratio, which allows us to optimize the user loading for spectral efficiency. The results show that the optimal user loading varies depending on the channel signal-tonoise ratio (SNR). As the SNR increases, the optimal user loading decreases at low SNR, but increases at high SNR.
I. INTRODUCTION
M ASSIVE MIMO systems promise dramatic gains in sum spectral efficiency, by supporting many simultaneous users. Amazingly in [1] , linear conjugate precoding is optimal when the number of antennas N becomes large while the number of users K is small, even though the precoding does not account for inter-user interference. If both N and K become large at a fixed ratio α = K/N, interference-reducing precoding techniques such as zero-forcing (ZF) and regularized zero-forcing (RZF) outperform conjugate precoding. Moreover, in this regime, the effective SINR of RZF, which is a random variable due to the fading channel, converges to a deterministic value [2] , [3] .
Even though the RZF is not optimal for maximizing either capacity or SINR, it is an attractive alternative to the capacityachieving nonlinear dirty paper coding or SINR-maximizing linear precoders that require iterative algorithms. Since the RZF is optimal for maximizing SLNR [4] , the SLNR can be a commendable metric for analysis or precoder design in massive MIMO systems. For example, the bounds of ergodic capacity of the RZF in massive MIMO systems are analyzed by using the SLNR in [5] , and the work in [6] proposes a so-called two-stage beamforming technique based on the SLNR in massive MIMO systems. In this letter, we derive asymptotic deterministic SLNR of RZF for perfect channel state information assuming antenna correlation. The derived SLNR expression has a significantly simpler form than the asymptotic SINR expression in [2] and [3] allowing us to make multiple observations on system optimality. In addition, we find that the SLNR is asymptotically equal to the SINR as N → ∞ if users are homogeneously distributed and the channels are spatially uncorrelated. Leveraging these results, we also derive optimal user loading (α) strategies that maximize the sum rate in different SNR regimes.
II. ASYMPTOTIC SLNR OF REGULARIZED ZF
Consider a single-cell multi-user system where a base station equipped with N antennas communicates with K singleantenna users. We assume that the base station has perfect channel state information. The downlink received signal is modeled as
where H * is the downlink channel matrix, F is a RZF precoding matrix, P is a power control matrix, and n is complex Gaussian noise with zero mean and covariance matrix σ 2 I K . The downlink channel is modeled as
is the channel vector of user k. Considering a spatially correlated channel, h k is modeled
, and h w,k is a complex Gaussian random vector with zero mean and covariance matrix I N . Using the RZF with a regularization parameter β, the precoding matrix F is represented as
Let P tx denote the total transmit power. Assuming equal power control per user, P is represented as
where
The SLNR of user k can be represented as
where W β = HH * + βI N . If the regularization parameter β is set to be equal to
as in [7] , the SLNR in (4) further simplified as
where the second equality comes from the matrix inversion
If we assume that R k has uniformly bounded spectral norm, i.e., lim N→∞ R k 2 < ∞ as in [2] and [3] , the SLNR in (5) converges to (6) as N goes to infinity. In (6), the first convergence comes from the trace lemma [8] , and the second convergence comes from the rank-1 perturbation lemma [8] .
The random variable SLNR in (6) converges to a deterministic SLNR value, by [3, Th. 1], as
where γ 1 , . . . , γ K are the unique nonnegative solutions of
These fixed-point equations can be solved using numerical methods. In some special cases, the exact solution to (8) or its bound can be expressed in a closed form as exemplified by the following corollaries. We first focus on the homogeneous case where all users have the same large scale fading gain ζ , and will discuss the heterogeneous case in Corollary 4.
Corollary 1: For spatially uncorrelated channels, let R k = ζ I N , ∀k. Then, the solutions to (8) 
which implies that all γ k 's have the same value. The value, denoted as γ , is the positive solution of the equation, and
Regarding the spatially correlated channel case, we first consider the case when all users have the same R matrix. 
where equality holds if λ 1 = · · · = λ N , and the solution to (11) with equality becomes R ( [9] , if users are selected such that
qk K is 0 for q = 0 and K for q = 0.
Corollary 3:
Then, the SLNR is asymptotically equal amongst the users and is equal to that of the uncorrelated case in Corollary 1.
Proof:
and the solution is given by R (
Since (8) has a unique solution, the trivial solution of γ 1 = · · · = γ K can be regarded as that unique solution.
Observations: Corollary 2 and 3 indicate that the SLNR of the correlated case is generally worse than the uncorrelated case, but can asymptotically approach the SLNR of the uncorrelated case if users are well selected (via scheduling). As such, the SLNR of the uncorrelated channels does not depend on scheduling due to channel hardening in the massive MIMO regime. User scheduling, however, could have an impact in the correlated channel case. This phenomenon may not hold for the few-antenna regime since the SLNR values are generally not deterministic in this case.
Remark: In a single-path channel where rank(R k ) = 1, interference does not exist when users are selected such that user channels are orthogonal to each other. In this extreme case, the multiuser MIMO system can be regarded as parallel single user MISO systems without any interference. In addition, the SLNR does not converge to a deterministic value and still remains a random variable dependent on short-term channel fading due to the lack of diversity. In this letter, we focus on general multi-path channel cases in which the inter-user interference cannot be perfectly eliminated by only scheduling itself.
In the following corollary, Corollary 1 is generalized to the heterogeneous case.
Corollary 4: For spatially uncorrelated channels in the heterogeneous case, i.e., R k = ζ k I N , ∀k, the SLNR normalized by the large-scale fading gain, γ k /ζ k , is asymptotically equal amongst the users and is lower bounded by
ζ k , and the equality holds if ζ 1 = · · · = ζ K , i.e., the homogeneous case.
which implies that all γ k /ζ k 's have the same value. Let c denote this value. Then, c is lower bounded as
and the solution to (15) with equality becomes
). Corollary 4 shows that each user's SLNR is proportional to its SNR in the heterogeneous case.
III. OPTIMAL USER LOADING IN REGULARIZED ZF
In this section, we will determine the user loading α = K/N that maximizes the sum rate in the uncorrelated antenna case. Suppose that there are a large number of users whose SNR's are within [ν min , ν max ]. To maximize the sum rate, the base station needs to select higher SNR users rather than lower SNR users. This is intuitive and consistent with Corollary 4. One question, however, remains even when users are selected such that all of them have the maximum SNR, ν max : How many users should the base station select to maximize the sum rate? To tackle this question, we analyze the optimal user loading that maximizes the sum rate in the homogeneous case where all the assigned users have the same SNR value. As will be shown later, the optimal user loading depends on this SNR value.
We begin by showing the relationship between SINR and SLNR as N → ∞ if the RZF is used for spatially uncorrelated channels in the homogeneous case. The SINR is given by
where the only difference from SLNR of (4) is the interference term in the denominator. If R k = ζ I N , ∀k, then the i-th interference term of the SINR is asymptotically equal to that of the SLNR as
where the first equality is from:
, and the second (almost surely)
property comes from the fact that |p k | 2 is asymptotically equal for all users:
. The result follows by applying the matrix inversion lemma, the trace lemma and the rank-1 perturbation lemma. Let ν = ζ /η denote SNR. The optimal user loading that maximizes the sum rate for a given ν can be formulated as
Otherwise, there exists a unique global optimal solution, which is always larger than 3+2 √ 3
.
Proof: The first derivative of S(α, ν) with respect to α is
which has the following properties:
The second derivative is
If ν ≤ 1, then Remark: While the ZF has a constraint of K ≤ N, the RZF can even support K > N users, and thus the case of α > 1 is possible in the RZF. Moreover, the higher α results in the higher sum rate when ν ≤ 1. This phenomenon, however, may be of little interest to practical systems because per-user rates approach zero in this case, leading to unreliable communication.
While a simple closed-form solution to
∂S (α,ν) ∂α
= 0 may not exist, we can gain some insight on the optimal solution owing to the following propositions.
Proposition 2: At high SNR, α (ν) can be approximated as
Proof: At large ν,
can be approximated as
and the solution of
= 0 is given by (23). Proposition 3: If SNR ≤ 4.78 dB, then α (ν) ≥ 1, i.e., K ≥ N. In the vicinity of 4.78 dB, α (ν) can be approximated as
Proof: The solution to
= 0 at α = 1 with respect to ν becomes ν = 3.07 (4.78 dB), and (25) follows from substituting 1/x for α in (20) and then applying the first-order Taylor approximation with respect to x at x = 1 to the first and second term in (20), separately. Proposition 2 and 3 imply that, as ν increases, α (ν) increases at high SNR, but decreases at low SNR.
IV. NUMERICAL RESULTS
In this section, we support our results with simulations. Fig. 1 plots the asymptotic SLNR along with the cumulative distribution function (CDF) curves for the instantaneous SLNR and SINR in the homogeneous uncorrelated channel case. The SNR is set to 20 dB for all cases. Note how the random variable SLNR approaches the deterministic value of the derived SLNR as N becomes large. In addition, the SINR converges to the asymptotic SLNR value as N is large, and the convergence rate is faster when K/N is small. The optimal user loading α is simulated in Fig. 2 versus SNR. The exact value is obtained by brute force numerical methods. The high SNR approximation expression in (23) is the same as the optimal loading expression for the ZF case in [3] which is expected since the RZF converges to the ZF at high SNR. Finally, it is worth noting that although α → 1 when SNR→ ∞, the convergence rate is rather slow.
V. CONCLUSION
In this letter, we derived a simple expression for the asymptotic SLNR under correlated channels when RZF is applied in large antenna systems. We showed that the performance under correlated channels can approach the uncorrelated channel case, and we also derived the optimal user loading maximizing the sum rate in the homogeneous uncorrelated case using asymptotic equivalence of SINR and SLNR. Further analysis considering optimal power control, imperfect channel information, and fairness among users would be interesting future topics. Power control will be mostly relevant for the heterogeneous case, as small-scale fading effects are largely diminished in massive MIMO systems.
